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Abstract. In this paper, we consider a natural question how many minimal 
rational curves are needed to join two general points on a Fano manifold X of 
Picard number 1. In particular, we study the minimal length of such chains in 
the cases where the dimension of X is at most 5, the coindex of X is at most 3 
and X equips with a structure of a double cover. As an application, we give a 
better bound on the degree of Fano 5- folds of Picard number 1. 

1. Introduction 

For a Fano manifold, a minimal rational component J(f is defined to be a domi- 
nating irreducible component of the normalization of the parameter space of rational 
curves whose degree is minimal among such components and a variety of minimal 
rational tangents is the parameter space of the tangent directions of J^-curves at a 
general point. Nowadays these two objects often appear in the study of Fano mani- 
folds [13, 29]. On the other hand, chains of rational curves also play an important 
role in the field. For instance, Kollar-Miyaoka-Mori [32] and Nadel [38] indepen- 
dently showed the boundedness of the degree of Fano manifolds of Picard number 
p = 1 by using chains of rational curves. From these viewpoints, it is a natural 
question how many rational curves in the family J(f are needed to join two general 
points. We denote by Ix the minimal length of such chains of general ^-curves. In 
this direction, Hwang and Kebekus [17] developed an infinitesimal method to study 
the lengths of Fano manifolds via the varieties of minimal rational tangents. They 
also dealt with some examples when the varieties of minimal rational tangents and 
those secant varieties are simple, such as complete intersections, Hermitian sym- 
metric spaces and homogeneous contact manifolds. Furthermore the following was 
obtained. 

Theorem 1.1 ([17, 22]). Let X be a prime Fano n-fold of p = 1. // the Fano index 
ix satisfies n + 1 > ix > \n, then Ix = 2. 

A Fano manifold is prime if the ample generator of the Picard group is very 
ample. Our original motivation of this paper is to compute the lengths of Fano 
manifolds of coindex < 3. By the above theorem, it is sufficient to consider the cases 
where n < 5, (n,ix) = (6,4) and X is non-prime. Remark that non-prime Fano 
manifolds of coindex < 3 admit double cover structures [8, 9, 10, 37, 35]. First we 
show the following by using the method of Hwang and Kebekus (Precise definitions 
of notations are given in Section 2 and 4.): 
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Theorem 1.2 (Theorem 5.2, Theorem 5.7). Let X be a Fano n-fold of p = 1, .J€ 
a minimal rational component of X and p + 2 the anti- canonical degree of rational 
curves in J^. Then if p = n — 3 > 0, we have lx = 2 and if (n,p) = (5, 1), we have 
lx = 3- 

By combining this theorem and well-known or easy arguments, we obtain the 
following table (see Remark 4.8, Theorem 5.4 and Theorem 5.8). In particular, 
when n < 5, lx depends only on (n,p). 
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As a corollary, we get a better bound on the degree of Fano 5-folds of p = 1. 

Corollary 1.3 (Corollary 5.10). For a Fano 5-fold of p = I, {-K x f < 9 5 = 59049. 

On the other hand, the following shows lx does not depend only on (n,p) in 
general. 

Theorem 1.4 (Theorem 6.4). Let X be a Fano manifold of p = 1 with coindex 3 
and Jtf a minimal rational component of X. Assume that n := dimX > 6. Then 
lx = 2 except the case X is a ^-dimensional Lagrangian Grassmannian LG(3, 6). 
In the case X = LG(3, 6), we have lx = 3. 

Consequently, we obtain the following table (n > 6). 



X 


ix 


lx~ 


pn 


n + l 


1 


Q n 


n 


2 


del Pezzo mfd. of dim. n 


n — 1 


2 


Mukai mfd. of dim. n > 7 


n-2 


2 


Mukai mfd. of dim. 6 


4 


2 or 3 



In Theorem 7.6, we give a classification of prime Fano n-folds satisfying ix = |n 
and lx 7^ 2. These are extremal cases of Theorem 1.1. Except the case n = 3, 
these varieties are deeply related to Severi varieties which are classified by Zak [40] 
(see Corollary 7.7). Furthermore, for prime Fano manifolds, we discuss a relation 
among 2- connectedness by lines, conic- connectedness and defectiveness of the secant 
varieties. In the last section, we investigate Fano manifolds which equip with struc- 
tures of double covers and are covered by rational curves of degree 1 , by a geometric 
argument without using varieties of minimal rational tangents. In Proposition 8.1, 
we give a criterion for such Fano manifolds to be 2-connected. Remark that all Fano 
manifolds dealt in [17] as examples are prime. However our cases include some non- 
prime Fano manifolds. Throughout this paper, we work over the complex number 
field C. 
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2. Deformation theory of rational curves and varieties of minimal 

rational tangents 

First we review some basic facts of deformation theory of rational curves and the 
definition of varieties of minimal rational tangents. For detail, we refer to [13, 30] 
and follow the conventions of them. 

Throughout this paper, unless otherwise noted, we always assume that A is a 
Fano manifold of Pic(A) = Z[€?x(l)], where &x{\) * s the ample generator, and 
denote by RatCurves n (A) the normalization of the space of integral rational curves 
on A. We also assume n := dimX > 3. We denote by %x the Fano index of X which 
is the integer satisfying = 0x(—ix), where uox = &x{Kx) is the canonical line 
bundle of X. We call n + 1 — ix the coindex of X. 

As is well known, a Fano manifold is uniruled. It is equivalent to the condition that 
there exists a free rational curve / : P 1 — s> X. Here we call a rational curve / : P 1 — ^ 
X free if f*Tx is semipositive. An irreducible component 3f of RatCurves n (A) is 
called a minimal rational component if it contains a free rational curve of minimal 
anti-canonical degree. We denote by Jf x the normalization of the subscheme of 
J£T parametrizing rational curves passing through x. Since each member of is 
numerically equivalent, we can define the <^x(l)-degree of Jff which is denoted by 
dx- We will use the symbol p to denote ixdx ~ 2- In this setting, the minimal 
rational component satisfies the following fundamental properties. 

Proposition 2.1 (see [13]). (i) For a general point x G X, JfT x is a disjoint 
union of smooth projective varieties of dimension p. 
(ii) For a general member [f] of X , f*T x = 0(2) © 0(l) p © e n ~ 1 ~ p which is 
called a standard rational curve. In particular, p < n — 1. 

Theorem 2.2 ([27]). For a general point x G X, there are only finitely many curves 
in J(f x which are singular at x. 

For a general point x G X, we define the tangent map t x : .J€ x — > ¥(T X X) 1 by 
assigning the tangent vector at x to each member of J(f x which is smooth at x. We 
denote by ^ C F(T X X) the image of t x , which is called the variety of minimal 
rational tangents at x. 

Theorem 2.3 ([20, 27]). The tangent map t x : X x ->• <£ x C F(T X X) is the normal- 
ization. 

Theorem 2.4 ([3, 26]). If p = n — I, namely ^ x = F(T X X), then X is isomorphic 
to F n . 

Theorem 2.5 ([11]). Let S = G/P a rational homogeneous variety corresponding 
to a long simple root and C F(T Q S) the variety of minimal rational tangents at 
a reference point o G S. Assume C € Q C F(T Q S) and c € x C F(T X X) are isomorphic as 
projective subvarieties. Then X is isomorphic to S. 

Theorem 2.6 ([36]). If X is a Fano manifold of n := dim A > 3, the following are 
equivalent. 

(i) A is isomorphic to a smooth quadric hypersurface Q n . 



For a vector space V, P(V r ) denotes the projective space of lines through the origin in V. 
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(ii) The Picard number of X is 1 and the minimal value of the anti- canonical 
degree of rational curves passing through a very general point xq £ X is 
equal to n. 

Corollary 2.7. If p = n — 2, namely ^ x C P(T X X) is a hypersurface, X is isomor- 
phic to Q n . 

Proof. For a very general point xq £ X, any rational curve passing through xq is 
free. Let C$ be a rational curve passing through x$ whose degree is minimal among 
such rational curves and C RatCurves n (X) an irreducible component containing 
[Co]. Then is a dominating family. It implies that the anticanonical degree of 
is equal to one of Jff . Furthermore the anticanonical degree of is n from our 
assumption. Therefore X is isomorphic to Q n by Theorem 2.6. 

□ 

3. Varieties of minimal rational tangents in the cases p = n - 3 and 

(n,p) = (5,1) 

Proposition 3.1 ([13, Proposition 1.4, Proposition 1.5, Theorem 2.5], [14, Propo- 
sition 2, Proposition 5], [16, Proposition 2.2]). Let X, and p be as in Section 2 
and 'rfx the variety of minimal rational tangents associated to Jif at a general point 

xex. 

(i) The tangent map t x : Jt x — > ^ x C P(T X X) is an immersion at [C] € Jtf x if 
C is a standard rational curve on X. 

(ii) If X C P N is covered by lines, the tangent map t x is an embedding. In 
particular, ^ x is a disjoint union of smooth projective varieties of dimension 
p. 

(hi) If2p>n — 3 and ^ x is smooth, ^ x C P(T X X) is non- degenerate. 

(iv) // is reducible, it has at least three components. 

(v) // ^ x is a union of linear subspaces of dimension p > 0, two distinct irre- 
ducible components oflo x are disjoint. 

(vi) ^ x cannot be an irreducible linear subspace. 

Proposition 3.2 ([18, Proposition 9]). Let X, and ¥? x be as above, P(W X ) the 
linear span of ^ x and S? x C P(A 2 H / a; ) the subvariety parametrizing tangent lines of 
the smooth locus of^. Then £F X is contained in P(Ker([ , ] x )) C P(A 2 W X ), where 
[ , ]x '■ /\ 2 W X — > T X X/W X is the Frobenius bracket tensor. 

Lemma 3.3. If X C P(V) is an irreducible hypersurface which is not linear, then 
its variety of tangential lines S^x C P(A 2 V) is non- degenerate. 

Proof. Assume that STx C P(A 2 y) is degenerate. We denote by C(X) C V the cone 
corresponding to X C P(V). Then there exists a nonzero ui € A 2 V* such that C(X) 
is isotropic with respect to co. We set Q := {v € V\oj(v,w) = for any w € V}. 
uj induces a nonzero symplectic form on V/Q. For the projection ir : V — >■ V/Q, it 
follows 2dimvr(C(X)) < dimV/Q. Remark that dimV - 1 = dimC(X). Therefore 
we have an inequality dimV/Q < 2. Since tt(C(X)) is not V/Q and {0}, it implies 
that tt(C(X)) C V/Q is a line. Hence C(X) cFisa hyperplane. This contradicts 
the non-linearity of X. 

□ 
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Proposition 3.4 ([12, Proposition 2]). Let X, Jff ', W x be as in Proposition 3.2 
and W be the distribution defined by W x for general x G X. Then W is integrable 
if and only if W x coincides with T X X for general x G X . 

Proposition 3.5 (cf. [14, Proposition 7]). Let X be a Fano n-fold of p = 1 and 
a minimal rational component of X withp = n — 3 > 0. Then the variety of minimal 
rational tangents ^ x C F(T X X) at a general point x G X is one of the following: 

(i) a non- degenerate variety with no linear component, or 

(ii) a disjoint union of at least three lines. 

Proof. First assume that ^ x has a linear component. Then every component of ^ x 
is linear. This follows from the irreducibility of ^ ', where ^€ C W(Tx) is the closure 
of the union of the ^ x for general points x G X. By Proposition 3.1, ^ is a disjoint 
union of at least three linear subspaces. Let ^ x ,\ and ^ x ,2 be distinct components 
of Since dim^ i + dim ^ 2 — dim¥(T x X) = n — 5, we have ^ x ,i H ^,2 7^ if 
n > 5. This implies n = 4 and ^ x is a disjoint union of at least three lines. 

Second assume that ^ x has no linear components. We will show that ^ x C F(T X X) 
is non-degenerate. Suppose ^ x C F(T X X) is degenerate. Let P(W X ) be the linear 
span of ^ and £F X C ¥{/\ 2 W x ) be the subvariety parametrizing tangent lines of the 
smooth locus of <g x . By Proposition 3.2, we have ST X C P(Ker([ , \ x )) C F(A 2 W X ), 
where [ , ] x : h?W x — > T X X/W X is the Frobenius bracket tensor. Lemma 3.3 im- 
plies that ST X C P(A 2 ^) is non-degenerate. Therefore P(Ker([ , ] x )) coincides 
with F(A 2 W X ). Applying Frobenius Theorem, the distribution W defined by W x is 
integrable. However, this contradicts Proposition 3.4. □ 

By the same argument, we can show the following: 

Proposition 3.6. If (n,p) = (5,1), then the variety of minimal rational tangents 
C F(T X X) at a general point x G X satisfies one of the following: 

(i) a curve with no linear component whose linear span < c € x > has dimension 
at least 3, or 

(ii) a disjoint union of at least three lines. 

4. SPANNING DIMENSIONS OF LOCI OF CHAINS 

For simplicity, throughout this section, we continue to work under the same as- 
sumption as in Section 2 except Definition 4.4 and Remark 4.5, that is, X is a Fano 
n-fold of p = 1 with n > 3 and Jtf is a minimal rational component of X. Remark 
that we can also work in a slight more general situation (in the category of uniruled 
manifolds) . 

Definition 4.1 ([17]). Let X and be as above. For a general point x G X, we 

define 

loc^x) := [J C and loc fc+1 (x) := [J C inductively. 

\C\^X X [C\&X y for general ye\oc k ( X ) 

We denote the maximal value of the dimensions of irreducible components of 
loc fe (x) by 4. 

Definition 4.2 ([17]). If there exists an integer I such that di = dimX but di-i < 
dimX, we say that X has length I with respect to Jf, or X is l-connected by W . 
We denote by I x the length. 
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By our assumption that the Picard number of X is 1, we can define the length. 

Proposition 4.3 ([31], [32, Lemma 1.3], [38] and [30, Corollary IV.4.14]). Let X 

and Jtf be as above. Then there exists lx, that is, two general points on X can 
be connected by a finite number of rational curves in Jff. Furthermore we have 
lx < dimX. 

Definition 4.4. For varieties X, Y C P N , we define the join of X and Y by the 
closure of the union of lines passing through distinct two points x G X and y G Y 
and denote by S(X, Y). In the special case that X = Y, S 1 X := S(X,X) is called 
the secant variety of X. 

Remark 4.5. In general, it is easy to see the dimension of the secant variety S 1 X 
is at most 2n + 1, where n := dimX. The expected dimension of the secant variety 
S 1 X is 2n + 1. When the dimension of S 1 X is less than 2n + 1, we say the secant 
variety S 1 X defective. 

In [17] Hwang and Kcbckus computed the first spanning dimension d\ and gave 
a lower bound of the second di (resp. dk) under the assumption J(f x is irreducible 
for a general point x G X by using the secant variety of the variety of minimal 
rational tangents. However their proof works even if we drop the assumption on the 
irreducibility of ,Jff x . 

Theorem 4.6 ([17, 29]). Let X be a Fano n-fold of p = 1 with n > 3 and X 
a minimal rational component of X. Then, without the assumption that <%f x is 
irreducible for a general point x G X, we have 

(i) d\ = p + 1 and d^ < k(p + 1) for each k > 1, 

(ii) d 2 > dimS 1 ^ + 1, ifp > 0. 

Proof. The former follows from Mori's Bend and Break and an easy induction on k. 
For the later, there is a proof in [29, Theorem 21] which is easier than one in [17]. 

□ 

Lemma 4.7. Let X and .jt be as above. If p = 0, we have lx = n. 

Proof. We have an inequality d^+i < + 1. In particular, dk < k. By combining 
Proposition 4.3, we obtain our assertion. □ 

Remark 4.8. If X is a Fano 3-fold of p = 1 which is not isomorphic to P 3 and Q 3 , 
then lx = 3. Hence in the 3-dimensional case, we have the following table: 



V 




X 


Ijtr 


dx 


2 


4 


pa 


1 


1 


1 


3 


Q 3 


2 


1 





2 


del Pezzo 


3 


1 





1 


Mukai 


3 


2 



5. Lengths of Fano manifolds of dimension < 5 

Lemma 5.1. Let X, Y C F N be irreducible projective varieties of dimension n. 
Then the following holds. 

(i) Vert(X) := {p G X\S(p,X) = X} C F N is a linear subspace. 

(ii) //codim(VertpT),X) < 1, then Vert(X) = X. 

(iii) If dim S{X,Y) =n + 1, then X,Y C Yert(S(X,Y)). 
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(iv) If N = n + 2 and A C P n + 2 is a non- degenerate variety which is not linear, 
then S 1 X = F n+2 . 

(v) If X orY is non-linear and dim S(X,Y) =n + l, then S(X,Y) C P N is a 
linear subspace. 

Proof, (i) It is well known that the vertex Vert (A) C F N is a linear subspace (see 
[7, Proposition 4.6.2]). 

(ii) Suppose that codim(Vert(A), X) < 1 and Vert(A) / X. Then dim Vert (X) = 
n — 1. For a point x G X \ Vert(A), it turns out that X coincides with a linear 
space S(x, Vert(A)). Hence Vert(A) is an n-dimensional linear space. This is a 
contradiction. 

(hi) It is enough to prove that Y C Vert(S(X, Y)). Assume that dim S(X,Y) = 
n + 1. If Y is contained in Vert(A), we see S(X,Y) = X. This contradicts our 
assumption. So this implies that Y is not contained in Vert(A). For y E Y\Vert(A), 
we obtain S(y,X) = S(Y,X). Furthermore we see 

(1) S(y,S(X,Y)) = S(y,S(y,X)) = S(y,X) = S(Y,X). 

Thus our assertion holds. 

(iv) Assume that S 1 X ^ ¥ n+2 . Then X = S 1 X or dimS 1 X = n+1. If X = S 1 X, 
X is linear. It gives a contradiction. So we have dimS^A = n + 1. Then (hi) 
implies that A C Vert(5 1 A) C S 1 X. Since A C P n + 2 is non-degenerate, we get a 
contradiction. 

(v) Because dim S(X, Y) = n+1, it follows from (hi) that A, Y C Vert(S'(A, F)) C 
S(X,Y). Then we have Vert(S'(A, Y)) = S(X,Y) because al least one of A and Y 
is not linear. So S(X, Y) is a linear space. 

□ 

Theorem 5.2. Let X be a Fano manifold of p = 1 with n = dim A > 4. Assume 
that X has a minimal rational component <%f with p = n — 3 > 0. Then X is 2- 
connected by Jf. In particular, if the Fano index ix is n — 1, then X is 2- connected 
by lines. 

Proof. By Proposition 3.5, the variety of minimal rational tangents ^ C ¥(T X X) is 

(i) a non-degenerate variety with no linear component, or 

(ii) a disjoint union of at least three lines. 

Let be as in (i). If ^ x is irreducible, Lemma 5.1 (iv) implies S lc £ x = F(T X X). 
On the other hand, in the case where ^ x is reducible, S lc io x = F(T X X) also holds. 
In fact, for the irreducible decomposition ^ x = ^ X! i U • • • U ^ m , we assume that 
Si&xji&xj) W(T X X) for any Then we see dimS 1 ^^, ^ x ,j) = n — 2. Hence 
Lemma 5.1 (v) implies that Sif&x^'&xj) is a linear subspace P n ~ 2 C ¥(T X X). It 
turns out from Proposition 3.1 that m > 3. From now on, we focus on (i,j) = (1, 2). 
Because ^ C F(T X X) is non-degenerate, there exists j such that Si^ Xt \, ^,2) 7^ 
S{^ x ,\^ x ,j). We may assume that j is 3. We have ^1 C 5(^,1, < ^ X)2 )nS , ( < ^ X) i, ^3). 
Furthermore since S{f€ x ^_, ^,2) an d <S , ( < ^ ; 1, ^ 3) are distinct linear subspaces of di- 
mension n — 2, these intersection is a linear subspace of dimension n — 3. Thus we 
have ^ Xj i = 5(^1,^2) n 15(^1,^3). However this contradicts our assumption 
that ^ x has no linear components. If ^ x is as in (ii), we also have S Xc € x = F(T X X). 

As a consequence, in any case we have S lr i? x = F(T X X). This implies that d 2 = n. 
On the other hand, since d\=p+l = n — 2 < n, A is 2-connected by Jf. If 
ix = n — 1 > 3, then it follows from the equation p + 2 = ix&x that p = n — 3. □ 
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Remark 5.3. If X is a prime Fano manifold with ix = n — 1 which is a del Pezzo 
manifold whose degree is at least 3, then the latter statement of the above theorem 
follows from Theorem 1.1. 

Theorem 5.4. Let X be a Fano 4-fold of p = 1. Then we have the following table: 



p 


ix 


X 


Ije 




3 


5 


P 4 


1 


1 


2 


4 


Q 4 


2 


1 


1 


3 


del Pezzo 


2 


1 


1 


1 


coindex 4 


2 


3 





2 


Mukai 


4 


1 





1 


coindex 4 


4 


2 



Proof. The computation of the length with respect to Jfr is an immediate conse- 
quence of Theorem 2.4, Corollary 2.7, Lemma 4.7 and Theorem 5.2. The other 
parts follow from the relation p + 2 = ixdjf- 

□ 

Here we introduce two fundamental lemmata. 

Lemma 5.5. For an irreducible non- degenerate projective curve C C F N , dim S 1 C = 
min{3,iV}. 

Proof. In general, we see that dim S^C < 3. So when dim S^C = 3, there is nothing 
to prove. If dim S^C = 1, then C is a line. Hence our claim holds. Thus we assume 
that dim S^C = 2. Then it follows from Lemma 5.1 (v) that S l C is a plane. As a 
consequence, we see dim S l C = min{3, N}. □ 

Lemma 5.6 ([7, Remark 4.6.10]). For two distinct integral curves C, D C P^, 
dim S(C, D) = 2 holds if and only if C U D is a plane curve. 

Proof. The "only if part comes from Lemma 5.1 (v). The converse is trivial. □ 

Theorem 5.7. Let X be a Fano 5-fold of p = 1. Assume that X has a minimal 
rational component <%f with p = 1. Then X is 3-connected by Jif . 

Proof. By the same argument as in Theorem 5.2, we can prove this theorem. In fact, 
Proposition 3.6, Lemma 5.5 and Lemma 5.6 imply that dim S 1( tf x > 3 for the variety 
of minimal rational tangents ^ x C F(T X X). It turns out that cfo > 4. Because 
di < 2(p + 1) =4, c?2 = 4. Hence X is 3-connected by . □ 

Theorem 5.8. Let X be a Fano 5-fold of p = 1. Then we have the following table: 



p 


ix 


X 




dx 


4 


6 




1 


1 


3 


5 


Q 5 


2 


1 


2 


4 


del Pezzo 


2 


1 


2 


2 


coindex 4 


2 


2 


2 


1 


coindex 5 


2 


4 


1 


3 


Mukai 


3 


1 


1 


1 


coindex 5 


3 


3 





2 


coindex 4 


5 


1 





1 


coindex 5 


5 


2 
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Proof. The computation of the length with respect to J€ is an immediate conse- 
quence of Theorem 2.4, Corollary 2.7, Lemma 4.7, Theorem 5.2 and Theorem 5.7. 
The other parts follow from the relation p + 2 = ixdjer- ^ 

Conjecture 5.9. For a Fano n-fold of p = 1, (— Kx) n < (n + l) n . 

This conjecture was proved by Hwang [14] in the case n = 4. However, in general, 
this conjecture is still open for n > 5. For n = 5, Hwang proved (— Kx) 5 is at most 
81250 [15]. To the best of my knowledge, it is the best known bound for n = 5. As 
an application of Theorem 5.8, we obtain an improved bound. 

Corollary 5.10. For a Fano 5-fold of p = \, {-K x f < 9 5 = 59049. 

Proof. If p = 0, we know {-K x f < 35310 < 59049 from [15, Corollary 3]. When 
p = 4 or 3, our assertion is derived from Theorem 2.4 and 2.7. So it is enough 
to consider in the cases p = 2 or 1. From the definition of the locus loc fe (x), we 
know two general points can be joined by a chain of free rational curves whose 
anticanonical degree is at most Ixdx- Furthermore a well-known argument [31, 
Step 3] implies (— Kx) 5 < {Ixdx) 5 (see also the proof of Lemma 7.2 (i) below). It 
follows from Theorem 5.8 that Ixdx < 9 for p = 1, 2. So our assertion holds. □ 

6. Lengths of Fano manifolds of coindex 3 

In this section, we study Fano manifolds of coindex 3. Because we already dealt 
with the case where n := dim X < 5 in Theorem 1.2, we study the case where n > 6. 

Proposition 6.1 ([28]). Let X be a projective variety and Jt? C RatCurves n (X) a 
proper dominating family of rational curves such that none of the associated curves 
has a cuspidal singularity. 

(i) For general x £ X , all curves in passing through x are smooth at x and 
no two of them share a common tangent direction at x. 

(ii) Assume that for general x € X and any irreducible component Jtf" C 3% ' , 
dimJ^.' > dim ^ : ~ 1 holds. Then 3^ x is irreducible. In particular, Jtf is 
irreducible. 

Lemma 6.2 ([1, Corollary 1.4.3]). Let C be an integral curve and L a spanned line 
bundle of degree 1 on C. Then (C,L) ^ (P 1 , 0pi(l)). 

Notation 6.3. We denote by (d±) f~l ■ ■ ■ n (d^) cP"a smooth complete intersection 
of hypersurfaces of degrees d\,...,dk, in particular, by (d) k if d = d\ = • • • = d^. 
We denote by G(k,n) a Grassmannian of fc-planes in C n , by LG(k,n) a Lagrangian 
Grassmannian which is the variety of isotropic fc-planes for a non-degenerate skew- 
symmetric bilinear form on C™, by the spinor variety which is an irreducible 
component of the Fano variety of fc-planes in Q 2fe . We denote a simple exceptional 
linear algebraic group of Dynkin type G simply by G and for a dominant integral 
weight uj of G, the minimal closed orbit of G in P(V^) by G(uj), where V w is the 
irreducible representation space of G with highest weight uj. For example, Ej(coi) 
is the minimal closed orbit of an algebraic group of type E-j in P(V^ 1 ), where u)\ is 
the first fundamental dominant weight in the standard notation of Bourbaki [2]. 

Theorem 6.4. Let X be a Fano manifold of coindex 3 with Pic(X) = Z[^x(l)] 
and J(f a minimal rational component of X. Assume that n := dimX > 6. Then 
{lXidj(f) = (2, 1) except the case X is a Lagrangian Grassmannian LG(3, 6). Ln the 
case X = LG(3, 6) we have (fx^dx) = (3,1). 
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Proof. We have an inequality n + 1 > p + 2 = (n — 2)dx- It follows from our 
assumption n > 6 that (p, dx) = (n — 4,1). 

By Iskovskikh Theorem [23] or Mukai's classification result of Fano manifolds of 
coindex 3 [37, 35], X is 

(i) a prime Fano manifold, which means <^x(l) is very ample, 

(ii) a double cover n : X — > F n with a branch divisor B € |^p«(6)|, or 

(iii) a double cover tt : X — > Q™ with a branch divisor B £ | ^?Qn (4) | . 

Claim 6.5. For a general point x € X, the variety of minimal rational tangents 
C F{T X X) is an equidimensional disjoint union of smooth projective varieties. 

When X is prime, this follows from Proposition 3.1. So we assume X is as in (ii) 
or (iii). We denote by Y the target of tt which is P n or Q™. A Barth-type Theorem 
[33] implies that Pic(X) ^ Pic(Y) and that vr*^y(l) ^x(l), where Gy(\) is the 
ample generator of the Picard group of Y . By Proposition 2.1 it is sufficient to show 
that the tangent map t x : ,Jff x — > ^ x is isomorphic. 

Since <^x(l) is spanned and dx = 1, Lemma 6.2 implies that any I in is 
isomorphic to P 1 . Furthermore is proper because dx = 1 (see [30, II. Propo- 
sition 2.14]). So Proposition 6.1 implies that t x is bijective. For [I] 6 J^r we have 
ffx{l)-l = 1- The projection formula shows that &x(l)-l = (deg7r;) • Gy (l).7r(Z), 
where tti : I — > ir(l) is the restriction of tt to I. Therefore tt(1) C Y is a standard 
line and 717 is an isomorphism. Since x £ X is general, we may assume that I is 
free and the natural morphism between normal bundles Nyx — *■ ^-k(1)/y is gener- 
ically surjective. Remark that A^/y = ^(l)®"' 1 or <^ P i (l)®"" 2 ^ P i. For 
Nux = ffi^pi( a i)) if there exists i such that > 2, we see that the induced mor- 
phism £?pi(aj) —7- N n m/Y is a zero map. However this contradicts to the fact that 
Ni/x N^yyy is generically surjective. This concludes that I C X is a standard 
rational curve. Hence by Proposition 3.1, t x is an immersion. As a consequence, we 
see Ta; is an embedding. So our claim holds. 

Since n > 6, Proposition 3.1 implies that 1f x C F(T X X) is non-degenerate. When 
n > 7, we see ^ is irreducible. In fact, if there exist distinct irreducible components 
^x,i^x,2 of ^xj we see dim^i + dim ^2 — dimP(T x X) > 0. This implies that 
^x,i H ^c 5 2 7^ 0- This contradicts the above claim. According to Zak's theorem on 
linear normality [40] and Theorem 4.6, we have lx = 2. So it remains to prove 
the case n = 6. If there exists an irreducible component of ^ whose secant variety 
coincides with F(T X X), we have lx = 2. Therefore we assume that the secant 
variety of any irreducible component of 1f x does not coincide with F(T X X). If c i£ x 
is irreducible, then it is the Veronese surface V2(F 2 ) C P 5 . This follows from Zak's 
classification of Severi varieties [40]. Here remark that the Veronese surface is the 
variety of minimal rational tangents of the Lagrangian Grassmannian LG(3, 6) at 
a general point (see [19, 5, 34]). Thus in this case X is isomorphic to LG(3,6) by 
Theorem 2.5. Because the secant variety of the Veronese surface is a hypersurface, 
it implies that d<i = 4. Therefore we have lx = 3. If ^ x is reducible, there exists 
disjoint irreducible components V\ and V2. Remark that we assumed that S 1 ^ 
does not coincide with F(T X X) for i = 1,2. If dimS^Vi, V2) < 4, we have a point 
g£P 5 \ S(Vi, V 2 ) U U S* 1 ^. For a projection ir q from a point q, ir q (Vi) C P 4 
is a surface. Hence it turns out that 7r ? (V"i) n TT q (V2) C P 4 is non-empty. This 
contradicts q £ S(Vi,V2). Therefore we have S(V±,V2) = F(T X X). In particular, 
S X( € X = F(T X X) and lx = 2. 
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□ 

7. 2-CONNECTEDNESS BY LINES, CONIC-CONNECTEDNESS AND DEFECTIVENESS OF 

SECANT VARIETIES. 

Here we remark a relation between 2-connectedness by lines and conic-connectedness. 

Definition 7.1 (cf. [24, 22]). For a projective manifold X C F N , we call X conic- 
connected if there exists an irreducible conic passing through two general points on 
X. 

Lemma 7.2 ([22]). Let X C F N be a projective manifold which is covered by lines. 
Then 

(i) if two general points on X are connected by two lines, X is conic- connected; 

(ii) if X is conic- connected, then the Fano index ix is at least 

(iii) Assume that X is conic- connected. Then two general points on X are not 
connected by two lines if and only if ix = ■ 

Proof, (i) is well known to the experts (cf. [31], [4, Proof of Proposition 5.8]). 
Suppose that two general points x\, X2 € X are connected by two lines l\, li- Then, 
without loss of generality, we may assume such two lines are free. By the gluing 
lemma, there exists a smoothing (ir : ^ — >• (T, 0), F : ^ — >■ X, si) of l\ U/2 C X fixing 
Xi, where s\ : T — > is a section of ir such that si(0) = x\ G 7r" 1 (0) = l± U I2 and 
F o si(T) = {xi} (see [30, Chapter II. 7]). According to a suitable base change, we 
may assume that there exists a section S2 of it such that $2(0) = X2 £ vr _1 (0) = /1U/2. 
Let Z C X x X be the set of points (2/1,2/2) £ X x X which can be joined by an 
irreducible conic in X. Then for a point t ^ in T, (si(i), S2(t)) € -Z. It turns out 
that (a?i, X2) is contained in the closure of Z. By the generality of (xi, X2) £ X x X, 
we see Z is dense in X x X. Consequently our assertion holds. 

(ii) is in [22]. If X is conic-connected, then there exists a smooth conic C such 
that Tx\c is ample. This implies that 2ix = degTx|c > n + 1. Hence (ii) holds. 

(iii) Suppose that X is a conic-connected manifold which is not 2-connected 
by lines. Then for general two points x,y £ X there exists a smooth conic / : 
P 1 = C C X passing through x and y such that Tx\c is ample. This implies that 
i? 1 (P 1 , f*Tx(—2)) = 0. Hence there is no obstruction in the deformation of / fixing 
the marked points x, y. It turns out that 

(2) di m[/] Hom(P 1 , X : /(0) = x, /(oo) = y) = 2i x - n. 

If lix — n > 2, Mori's Bend and Break implies C degenerates into a union of two 
lines containing x and y. This is a contradiction. Hence lix —n<l. By combining 
(ii), we have ix = n ^ L - Conversely if the Fano index satisfies ix = ^jrS h turns 
out from the same argument as in Theorem 4.6 (i) that X is not 2-connected by 
lines. □ 

Example 7.3. Let S4 C P 15 be the 10-dimensional spinor variety and let X be S4 
or its linear section of dimension n > 6. Then X is a Fano manifold of coindex 3 
with the genus g := + 1 = 7, where H is the ample generator of the Picard group 
of S4. There exists a 6-dimensional smooth quadric passing through two general 
points on S4 [6]. So X is conic-connected and 2-connected by lines. Hence two 
geneal points on X can be connected by a chain of two lines which is obtained as a 
degeneration of a conic. 
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Example 7.4. Let X be a Grassmaniann G(2, 6) C P 14 or its linear section of 
dimension n > 6. Then X is a Fano manifold of coindex 3 with the genus g = 8. For 
two distinct points x, y G G(2, 6), they correspond to 2-dimensional vector subspaces 
L x ,L y C C 6 . Then there exists a 4-dimensional vector subspace V C C 6 which 
contains the join < L x ,L y >. This implies that x, y is contained in a 4-dimensional 
quadric Q A = G(2,4) C G(2,6). So X is conic-connected and 2-connected by lines. 

Remark 7.5. X := G(2, 6)(~l(l) 3 C P 14 is a 5-dimensional Fano manifold of index 3. 
According to Theorem 5.8, X is 3-connected by lines. However X is conic-connected. 
This example shows that our chain of minimal rational curves connecting two general 
points is not necessary a chain with minimal total degree. 

Theorem 7.6. Let X be a prime Fano n-fold of p = 1 with ix = \n and J(f a 

minimal rational component of X. Then lx = 2 except the following cases: 

(i) (3) C P 4 a hyper surf ace of degree 3. 

(ii) (2) n (2) C P 5 a complete intersection of two hyperquadrics. 
(hi) G(2,5) n (l) 3 C P 6 a 3- dimensional linear section o/G(2,5). 

(iv) LG(3, 6) a Lagrangian Grassmannian. 

(v) G(3, 6) a Grassmannian. 

(vi) S5 a spinor variety. 

(vii) Ey(ujj) a rational homogeneous manifold of type E7. 
Furthermore in the cases (i) — (vii) we have lx = 3. 

Proof. According to the assumption that 3ix = 2n, n is 3, 6, or at least 9. If n = 3, 
X is a del Pezzo 3-fold. So Remark 4.8 implies that {lx-, dx) = (3, 1). Hence X is 
isomorphic to one of the manifolds listed in (i), (ii) or (hi) by the Fujita-Iskovskikh's 
classification result [8, 9, 10]. In the case where n = 6, we have lx = 2 or X is 
LG(3, 6) by Theorem 6.4. 

From here, we make the assumption n > 9. In this case, we have 2ix > n + 1. So 
dx = I, that is, X is covered by lines. By Proposition 3.1 the variety of minimal 
rational tangents ^ x C ¥(T X X) is smooth irreducible and non-degenerate. It follows 
from our assumption that 2p > n — 1. Hence ^ x C F(T X X) is a non-degenerate 
irreducible projective manifold of dimension |n — 2. By Zak's theorem on linear 
normality, a classification of Severi varieties [40] and the assumption that n > 9, 
S lc g x = F(T X X) or ^ C F(T X X) is isomorphic to the Segre product P 2 x P 2 C P 8 , 
the Grassmann variety G(2,6) C P 14 or .Eg-variety Eq(lji) C P 26 . In the former 
case Theorem 4.6 implies that lx = 2. So we assume the latter holds. Remark 
that the above Segre variety, Grassmann variety and i?6-variety are varieties of 
minimal rational tangents of G(3, 6), 5s and Ej(ujj) respectively (For example, see 
[19, 5, 34]). By Theorem 2.5, X is isomorphic to one of these varieties. In this case, 
since ^ C F(T X X) is a Severi variety, S lc € x C F(T X X) is a hypersurface [40]. This 
implies cfo = n — 1 [17, Theorem 3.14]. Hence lx = 3. 

□ 

Corollary 7.7. Let X be a prime Fano n-fold of p = 1 with ix = \n and a 
minimal rational component of X. Assume that n > 6. Then the following are 
equivalent. 

(i) lx + 2. 

(ii) ljr = 3. 

(hi) X C F(H°(X, ^x(l)) v ) is not conic- connected. 
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(iv) The dimension of the secant variety S l X C F(H°(X, ^ x (l)) v ) is 2n + 1. 

(v) The variety of minimal rational tangents at a general point ^ x C F(T X X) 
is a Severi variety. 

(vi) X C F(H°(X, ^ > x(l)) V ) is projectively equivalent to one of the manifolds 
listed in Theorem 7.6 (iv) — (vii). 

Proof. By the above theorem and its proof, (i) , (ii) , (v) and (vi) are equivalent to each 
other. In general, if X C F N is conic-connected, then the dimension of the secant 
variety S 1 X is smaller than 2n + l (see [21, Proposition 3.2] and [39, Theorem 2.1]). 
Hence (iv) (iii) holds, (hi) (i) follows from Lemma 7.2. Finally, (vi) => (iv) 
comes from [25]. □ 

Remark 7.8. Corollary 7.7 and Theorem 1.1 implies that ix = \n is also a bound- 
ary of conic-connectedness and defectiveness of the secant variety (Remark 4.5): 



Property 


ix > in 


ix = 






2 


2 


3 


Conic-connectedness 


Yes 


Yes 


No 


Defectiveness of the secant variety 


Yes 


Yes 


No 



8. Lengths of Fano manifolds admitting the structures of double 

COVERS 

Let I be a Fano re-fold with Pic(Y) = Z[^x(l)], where &x(X) ^ s & m ple and 
n := dim X > 3. In this section, we assume that X is a double cover of a projective 
manifold tt : X —>Y. A Barth-type Theorem [33] implies that Pic(X) = Pic(Y) and 
that 7r*^y(l) = ^x(l)> where ^y(l) is the ample generator of the Picard group of 
Y. It follows from the ramification formula of the branched cover that Y is a Fano 
manifold. We denote by B € |^y(6)| the branch divisor of ir and by £%\ the family 
of rational curves of degree 1 RatCurves™ (X). We assume that M\ is a dominating 
family. Then we can define the k-th. locus loc^ (ar) and the length with respect to 
&i as in Definition 4.1 and Definition 4.2. 

Proposition 8.1. Let X and £%\ be as above. Then the following holds. 

(i) X is 2-connected by M\ if and only if for general x±,X2 € X , 7r(loc^ {xi)) H 

(ii) Under the assumption that &y(Y) is spanned, X is 2-connected by £$\ if and 
only if for general points 2/1,2/2 £ Y there exist curves l\ 3 yi,h 3 2/2 on Y 
such that li (~l I2 7^ 4>, ^y(l).Zj = 1 and lengthy (2? PI U) = mod 2 for any 
q £Y and i = 1,2. 

Proof, (i) The "only if part is trivial. We show the converse. Let x\, X2 be points on 
X which are not contained in the ramification locus of ir and set 2/2 : = 7T (x2)- Then 
we have 7r — 1 (j/2) = {#2, #2'}. We assume there exists a point z € 7r(loc^ {xi)) fl 
^(loc^ (#2))- Then there exists a curve [l Xi ] G &\ such that Xi G l Xi and z € ^(l Xi ) 
for i = 1,2. Since 7r(Z X2 ) C Y is a curve of degree 1, 7r _1 (7r(/ a;2 )) is a curve of 
degree 2. It follows from the inclusion l Xi C 7r _1 (7r(/ a; .)) that there exists a curve 
[l X2 '] £ &i,x 2 ' such that 7r _1 (7r(/ a;2 )) = Z^ U Z^/. Our assumption implies that 
^! H / X2 ^ <f> or Z-rj n / X2 ' 7^ 0. So or X2 is contained in loc^ (a;i). This means 
7r| loc 2^ ^ : locj^xi) — > Y is dominant. Since ^\\ oc ^ M (xi) * s P ro P er ; h is surjective. 
Hence we see X = locj^ 
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(ii) Suppose that ^y(l) is spanned. Let I be a rational curve on Y satisfying 
&y(\).l = 1. vr~ 1 (/) is denoted by C. From (i), it is sufficient to show the following 
claim. 

Claim 8.2. C is reducible if and only if \ength q (B n I) = mod 2 /or any geF. 

For the double cover ir : X — > 1", we have 7r*<^x = ©L _1 , where L is an ample 
line bundle on Y which satisfies L® 2 = Gy(B). Furthermore there exists a morphism 
X L := Spec(SymL~ 1 ) over Y". Denote by ire the restriction of ir to C and by 
one of L to I. Since X is a divisor on L, we can obtain the defining equation 
of X on L. In particular, we see that there exists a global section s G T(C,irc*Li) 
such that s 2 = irc*<f>, where <p G T(P 1 , ff ¥ i(b)) and (0 = 0) = Z n B as divisors of 
I. We may assume that ttq is unramified at oo G P 1 . Then we see C is reducible 
if and only if 7r c , 1 (A 1 ) is reducible. Without loss of generality, we may assume 
that <f>=(x- aiy) ■ ■ ■ (x - a b y), where <n G C and T(P 1 , P i(b)) = 0- =o Cx^ 6 "^ 
Furthermore we may assume 7r^ 1 (A 1 ) = (s 2 = (x — a±) • ■ • (x — a^)) C A 2 . Thus C 
is reducible if and only if the cardinality #{j\aj = Oj} = mod 2 for any i. Hence 
we obtain our assertion. □ 

Corollary 8.3. Let X, Y and &\ be as above. If Y = F n and n > b, then X is 
2-connected by 

Proof. There exists a standard rational curve / : P 1 -> X such that f*T x = 0(2) © 
ff(l) p © ff n ~ x -v . By the ramification formula, the Fano index ix of X is equal to 
n + 1 — | . It follows from the assumption n > b that ix > **2^ ■ Hence we have deg 
/^(P 1 ) = 1 and p = n — | — 1. For general two points X\,X2 G X, 

(3) dimvivloc^xi)) + dmiT^lo^ (x 2 )) - dimP n = 2(n - ^) - n = n - b > 0. 
Hence Proposition 8.1 implies that X is 2-connected by 

□ 

Corollary 8.4. Let X, Y and M\ be as in above. IfYc P™ +1 is a hypersurface of 
degree d and n > 2d + b — 1, then X is 2-connected by £%\. 

Proof. There exists a standard rational curve / : P 1 — >■ X such that f*Tx = 0(2) © 
ff(l) p © ^ > ™- 1 ^p. By the ramification formula, the Fano index ix of X is equal 
ton + 2 — d — \. Since we have ix > it implies that deg /♦(P 1 ) = 1 and 

p = n — | — d. For general two points x±, x 2 G X, 

(4) dimvr^oc^^i)) + dim 7 r(loc^ 1 (x 2 )) - dimP Tt+1 > 0. 
Thus X is 2-connected by &\ . 

□ 
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